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1. INTRODUCTION

Since Radner (1972) there has been a large body of literature studying general equilibrium economies
with incomplete markets (GEI). The analysis pioneered by Arrow (1951) and Debreu (1960) on economies
with uncertainty and complete markets has been extended in this new direction with contributions ad-
dressing traditional issues, such as existence and efficiency of equilibria (see Geanakoplos (1990) and
Magill and Shafer (1991) for up to date surveys).

GEI equilibria are typically not Pareto optimal, and may even fail to achieve second-best efficiency. Al-
though, the literature has proposed different notions of constrained Pareto optimality (CPO), economists
often refer to Diamond’s (1967), Stiglitz’s (1982), and Geanakoplos - Polemarchakis’s (1986), as the
benchmarks. These notions share the principle that, when implementing an allocation, a central planner
faces the same financial constraints of the private sector. This implies that the planner’s attainable set
contains allocations which are a) resource-feasible, b) achievable through portfolio transfers of the existing
assets.

Stiglitz (1982) was the first to provide an argument for constrained Pareto suboptimality of GEIL. The
intuition behind Stiglitz’s result runs as follows. A portfolio redistribution modifies individual income
profiles, thereby affecting trading decisions and spot prices. This generates pecuniary externalities, which
typically have real effects because markets are incomplete. Therefore, a central planner who accounts for
these externalities can improve upon the competitive markets allocation of risk.

Geanakoplos and Polemarchakis (1986) and later Geanakoplos et al. (1990), formally, established
Stiglitz’s result, respectively, in the context of a pure exchange and a production GEI. Precisely, they
derived conditions to prove the generic constrained suboptimality of equilibria. The argument used in
these classical contributions, and in other papers that followed is essentially based on local analysis. They
showed that, for a generic set of economies, equilibria can be locally Pareto improved.*

In this paper we propose a different approach to the analysis of the welfare properties of equilibria,
based on the global analysis of the equilibrium set. Our main result (theorem 1) is to show that CPO-
equilibria are exceptional, in the sense that they are contained in a submanifold of the equilibrium set.

To prove this result we proceed in steps. First, we show that the equilibrium set has a fiber bundle
structure, which shares most of the properties derived for the equilibrium manifold of a standard Arrow-
Debreu (GE) economy in Balasko (1988). Namely, every fiber is a linear submanifold of the equilibrium
set, it is uniquely identified by a no-trade equilibrium, and each equilibrium belongs to a fiber only. Since
no-trade equilibria need not be (and typically are not) Pareto optimal, the choice of the parametrization
cannot simply rely on the welfare weights of the Pareto problem, as first suggested by Lange (1942) for
GE. Yet, under a simplifying assumption (assumption 4), we show that this classical approach can be
extended to incomplete markets, by defying a fictitious planning problem with an extended system of
“welfare weights”. This parametrization reduces to Lange’s when asset markets are complete.

Second, having recovered the structure of the equilibrium set, we study CPO - equilibria fiber-by-fiber.
Interestingly, forcing equilibria of each fiber to satisfy the necessary conditions for CPO turns out to be
equivalent to impose some linear restrictions on the endowments. This readily implies that each fiber

contains a linear submanifold (in fact, a sub-fiber) of CPO - equilibria. Then, since each equilibrium

ISee, Magill and Shafer (1991) for a discussion of this approach, or the more recent contribution by Citanna et al.(1998).
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belongs to a fiber only, we derive the structure of the set of CPO - equilibria by taking the union of
these fibers (i.e. of the sub-fibers of the equilibrium manifold). The bundle structure and, in particular,
the lower dimensionality of the set of CPO-equilibria implies the (generic) constrained suboptimality of
equilibria.

The particular fiber-bundle structure we identify says something on the notion of constrained Pareto
optimality. Indeed, along each equilibrium fiber, what distinguishes equilibria from CPQO-equilibria are
not their allocations but their transfers. This suggests that the notion of constrained Pareto optimality is
one about the efficiency of transfers; i.e. the ability of a competitive market economy to allocate resources
relative to an initial distribution.

We complete our analysis for economies with real assets, of which real numéraire assets are a special
case. Extensions to nominal assets, and to mixed asset structures are straightforward. This higher level
of generality of the analysis comes at the cost of an extra layer of complexity. Indeed, because assets are
real, we recover the structure of the equilibrium manifold from that of pseudo-equilibria, which is a fiber
bundle that retains a vector space structure only locally, on its fibers.

Observe that our geometric argument for constrained suboptimality is substantially different from
the one used in the literature. In fact, it does not rely on the characteristics of the parameter space,
but directly on the structure of the equilibrium set and on its “size”, compared with that of CPO-
equilibria. This implies that constrained suboptimality can be established without having to appeal to a
genericity argument or to impose a specific measure theoretical structure. Obviously, the two concepts
of dimensionality and measure can be linked.

Surprisingly, to the best of our knowledge, there are no contributions in the GEI literature analyzing
the structure of the set of CPO-equilibria. Moreover, there are very few papers studying the structure
of the equilibrium set too: Balasko-Cass (1989), Siconolfi and Villanacci (1991), Zhou (1997a,b). The
goal of the first two is to analyze the indeterminacy of equilibria in economies with nominal assets,
respectively, with variable and fixed aggregate resources. Zhou (1997b) studies the structure of the set of
pseudo equilibria and compares its size with the one of equilibria in GEI economies with real assets and
aggregate variable resources. The closest to our paper is Zhou (1997a), where for the first time a welfare
analysis of GEI is carried out.

Our analysis differs from Zhou’s (1997a) in three respects. First, her is only concerned with Pareto
optimality (first best) equilibria, while we extend the analysis to constrained Pareto optimality. Second,
Zhou assumes variable aggregate resource, we assume fixed. The latest is more natural when it comes to
analyze the welfare properties of alternative resource distributions, and it is without loss of generality,
since the results trivially generalize to variable resources. Third, because of fixed aggregate resources,
our choice of the parametrization is also different. We follow the classical approach outlined by Lange
(1942) for GE economies and extend it to GEIL.

Our paper is organized as follows. In section 2, we provide a few basic notions and definitions.
Section 3 states our main result (theorem 1) and outline the steps we latter follow to prove it. These
steps are described in deep in the remaining two sections of the paper. Precisely, in Section 4, we
globally parameterize the equilibrium set and define its fiber-bundle structure. In Section 5, we exploit
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this structure to establish the welfare properties of equilibria, and prove theorem 1. To improve the

exposition, we collect longer or more detailed proofs in an appendix.

2. BASIC NOTIONS

2.1. Economy and equilibria.

Economy. We consider a two period pure exchange economy, with uncertainty, and finitely many indi-
viduals and commodities. There are two dates indexed by 0 and 1. Uncertainty is described by a finite
number S > 2 of possible states of nature in date 1. Including date 0 as one of the states, we use the
indexing s = 0,1,..,5, and define N = (S 4+ 1). There are a finite number H > 2 of consumer types,
indexed by h = 1, .., H. In each state, L > 2 commodities are available for consumption. A bundle of
contingent commodities for h is a vector 2" = (..,z",..) € R?*, where m = N L. Without loss of gener-
ality, we allow for economies with fixed aggregate resources, w € R, , by letting the initial distribution
) € ]R++ , be an element of the set,?

h
;€15 -

Q(w)z{eERTf:Zeh—w:O}
h

When wy is constant across s, the economy has no aggregate uncertainty.

of commodities across agents, e = (

Each consumer, h, is initially endowed of a vector e = (.., egl, ..)" € R of commodities. His preferences
are represented by an ordinal utility function v : R™ — R. Two set of assumptions on endowments and

preferences are summarized in the following, and will be maintained throughout the paper.

Assumption 1. (strictly positive endowments): e € R oy

Assumption 2. (smooth preferences)® Yh, u" is C"22, strictly increasing, (Du"(x) € R7?,, Vo € R?),

strictly concave, (bD*ul(z)b' < 0,Va € RY, Vb € R™, b # 0, such that Du”(z)b' = 0); indifference
surfaces are bounded below (Yz* € RT,, {x € RT, :u"(z) > u"(z*)} C R,

We denote the set of utilities which satisfy assumption 2, U.
An economy is characterized by utilities, endowments, and a set of J > 0 (real) assets with payoffs
R € RSE% of date-1 bundles of commodities.

Competitive markets. Commodities and assets are, respectively, traded in spot and asset markets.
Commodities are traded at spot prices p = (..,pg,..) € R}, where p; € RJSFQ_ denotes its date 1
component. Commodity [ =1 in state s = 0 is the numéraire, and its price is normalized to one: ps; = 1.
We denote the set of normalized prices, P C R(SH)L '

Assets are traded at prices ¢ = (..,¢’,..) € RJ in date 0, before uncertainty is resolved. Asset j is a
real claim yielding a contingent dividend, or financial payoff, VJ = p,R? for all s > 0. V(py, R) is the
S x J financial matrix whose typical element is V7. Thus, a portfolio § = (..,67,..) € R’ traded at

a market value of ¢f in date 0, pays a financial payoff V,(p1, R)# in date 1 if state s realizes. We also

2At least since Pareto’s and Edgeworth’s, the assumption of fixed aggregate resources is natural when it comes to analyze
the welfare impact of resource redistributions. It generally leads to mathematical complications (see Balasko (1988) chp.V),
since it reduces the dimensions along which endowments can be perturbed, thereby strengthening genericity arguments.
3We use the standard notation, Duh = <4., Dms’luh(zh), ) € R™, where styluh (zh) = 8uh(azh)/8a32‘l.
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define a price-dividend matrix W(q,p, R), which has the first row equal to —¢ and the second row-block
equal to V(p1, R). Asset markets are incomplete, J < S.

Competitive equilibrium. Let us fix (u,w) and denote an economy by (e, R) with e in Q(w). At prices
(p,q), the budget set of a typical consumer h is,*

B(p,q,e", R) = {azh :pd (a:h - eh) =W(q,p,R)O", 0" € ]RJ}
The action of h is, respectively, represented by the demand functions for commodities and assets,

(2.1) 2"(p,q, ", R) = {a:h 2" = argmax u/(z") s.t. 2" € B(p,q,eh,R)}
0" (p.q,¢",R) = {6":p0(2"(p,q,€", R) — ") = W(q,p, R)I"},

and spot trades are defined by 2"(p, q,e", R) = 2"(p, q,e", R) — e".

Definition 1. (Equilibrium) An equilibrium is a tuple (p, g, e, R) such that >, z"(p,q,e", R) —w =0,
>on oh (p,q,eh,R) =0.

So far, we have used the asset payoff matrix R to parameterize an economy. This implies that for
every spot price p, the columns of V(py, R) identify an asset span of possibly different dimension. As
first noted by Hart (1975), changes in the dimensionality of the asset span may cause discontinuities of
individual demands. Thus, to avoid these problems and be on the safe side of smooth economies, one can
directly parameterize with respect to the asset span. Formally, this is equivalent to identify an economy
with a pair (e, £), where £ is a J—plane through the coordinate space R®, which identifies a space of
feasible financial transfers. The collection of such planes defines the Grassmanian manifold, G,

In this “abstract” economy, without loss of generality,® we assume that the first individual is financially

unconstrained. The Walrasian demand of consumer 1 is a function,
gt (p,el) = arg max {ul(:r) ip (x — el) = 0} .
The demand of a consumer h is,
h
p (x —e ) =0
(2.2) ' (p, £,e") = arg max { u'(x) :
( ) T p1|:| ( T, — 61) eL

forall h=2,..,H.
The truncated aggregate excess demand function is Z(p, L,e) = g' (p,e") + Zh o, f(p, L,e") — w,
and “abstract”-equilibria, in short a-equilibria are defined accordingly,

Y = {(p,L.e) ePxG" xQ:Z(p L,e)=0},
T = {(p.L.e) €EF:g'(p,pe') =€, f*(p,L,e") =€" ,Vh >2}.

Observe that £ is the set of a-equilibria defined for all possible asset span £ in G’S. 77 is the subset
of £% for which there is no trade.

4For any two vectors z € RS, y € RSL | we define zly = (cooes s (Ys1y --Ysiy - YsL ) ) € RSE.

53ee remark 4 below.
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Definition 2. (Pseudo-equilibrium) A -equilibrium is a tuple (p, L, e, R) such that (p,L,e) is an
element of £ and the column span of V(p1, R) is contained in L. £; denotes the set of ¥-equilibria, and
T, the set of no-trade y-equilibria.

The relationship between equilibria in definition 1 and pseudo-equilibria is established in Proposition
1,2 in Duffie and Shafer (1985).

2.2. Constrained Pareto Optimality. As in Diamond’s (1967), Stiglitz’s (1982), and Geanakoplos -
Polemarchakis’s (1986), we assume that the planner’s attainable set contains allocations which are a)
resource-feasible, b) achievable through portfolio transfers in the existing assets.

More precisely, consider an economy (e, R), in which e = (ep,e1), and eg is any resource-feasible
allocation achieved by private agents, eventually through asset or spot trade at R. Centralized transfers
are of two types, date-0 lump sum transfers, ¢ = (..,t",..), and portfolio transfers, . They have two
effects on allocations: date-0 transfers modify eq into ey + ¢, and portfolio transfers modify e; into
€1 = (..,ef + RO ..). Since final allocations depend on the competitive trade that can occur on spot-
markets in date 1, we require they are supported as a date-1 spot-market equilibrium of a date-1 spot-
market economy ¢7.%

This notion of feasibility and the related notion of CPO are the ones adopted in Magill and Shafer
(1991), with the only minor difference that centralized transfers occur at the end of the first period, when
date-0 spot markets are closed.”

We now provide formal definitions.

Definition 3. (Spot-market equilibrium) A spot-market equilibrium in s for an economy €5 is a pair
(ps,xs) such that

i) 2t € RY ., mazimizes u" s.t. ps(z? —€h) =0, for all h

i) Yo, (ah — &) = 0.

A date-1 spot-market equilibrium is a spot-market equilibrium in s, for s = 1,..,S. The set of spot-markets

equilibria in s is Es and Fh = Xs>1E5 denotes the set of date-1 spot-market equilibria.

Definition 4. (Constrained feasible allocations - CF) A consumption allocation x = (xg,x1) is
constrained feasible (CF) at (e, R) if there exists a (..,t",...,0",..) and a py such that

1) 32(0", ") =0,
2) xf = el + ", for all h,
3) (p1,71) is a date-1 spot-market equilibrium at €1 = (.., + RO",..).

62 are the “virtual endowments” defined by Magill-Shafer (1991) (for more, see the Remark on pg. 1593).

"The notions used in the literature have some minor differences (see Magill and Shafer (1991), chapter 5, for a detailed
discussion of this subject). For example Geanakoplos and Polemarchakis (1986) assumed that the planner does not use
date-0 transfers, and consider economies in which there is no date-0 consumption. Werner (1991) added date-0 consumption,
but maintained the assumption that the planner can only control portfolio transfers, taking some initial date-0 allocation
xo as given. Magill and Shafer (1991) removed the latter restriction and assumed that the planner uses numéraire transfers
in date 0 and allow re-trading both in date-0 and date-1 spot markets. A substantially different notion of feasibility and
CPO (known as weak constrained efficiency) is instead the one suggested in Grossman (1977), and Grossman and Hart
(1979). There, centralized allocations must be supported as a GEI equilibrium; i.e. the central planner intervenes when all

markets -including the asset markets- are open.
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For simplicity, suppose that date-0 transfers are denominated in the numraire commodity: t" =
(7",0,..,0) € RL. Clearly if (p,q,e, R) is an equilibrium of a GEI economy with allocation (z,#), then
(p1,x1) is a spot-market equilibrium at €. Moreover, this allocation x is CF, as it can be seen by letting

h = ¢@" for all h. Finally, since in a date-1 spot-market economy spots are isolated, i.e. the individual
budget constraint takes the form p, - (z% —€") = 0 in every s, we can re-normalize prices by setting

equal to one the price of the first commodity in every spot.

Definition 5. (Constrained Pareto optimal allocation - CPO) A consumption allocation x is a
CPO at (e, R) if it is not Pareto dominated by any other allocation that is CF at (e, R).

Suppose CPO allocations exist; to be able to characterizing them using calculus we restrict attention
to regular spot-market economies. Formally, we constrain virtual endowments €; in definition 4 to be
in a generic subset of Q(w) such that every corresponding spot-market equilibrium (p1,21) is a smooth
function of &;.8

Consider an equilibrium (p, g, e, R) with an allocation (z, ) and a financial payoff matrix V' (p, R) of
full rank. z is supported as a date-1 spot-equilibrium (py,z1) of an economy é; = (..,ef + RO",..). For

simplicity, assume the following.
Assumption 3. (time-separable utilities): Vh, u"(zf, 2%) = Uo(z}) + UM (2}).

The equilibrium yields a CPO allocation, if = (.., 0", ..) solves

Supg > stk (Py, PR s.t.

2.3
. 1= (..,el + RO" ), " =0

where v"(-) and ", respectively, denote the date-1 indirect utility function and the welfare weight of h;
while Pj is the smooth price functional of a date 1 price-income equilibrium.
The maximization has a solution and its first order conditions are:

, Ovl 1 81}1 N dvl 9Py )
. — = > .
(24) (5 o 05 | Ve, R Z 4Py 00" 0,Vh > 2, Vj

where, letting m” denote p;0é7, the first term on the left hand side is the aggregate income effect, and

: . . /\h ) h
the second is the aggregate relative price effect. Let A" = 5%

income for h in (2.3). Using Roy’s identity,

do? B o ovk omh
dIDsl B aR@l 8mh 8P€l
= Ml ¢\l = N
where Z' =% — & for all h,and Y% = 0. Letting A" = 6" A", we can rewrite (2.4) as,
! 7 Ps .
(Ah — TN A ‘Zghl =0, forall h>2, all j
h',s 1>2 J

8This same procedure can be found in Magill and Shafer (1991) p.1596. The existence of such a subset of regular
economies can be shown using standard techniques: once it is established that F7 is a manifold, one can define a smooth
natural projection, mapping this set onto the set of endowments (see the discussion in chapter V, Balasko (1988)).
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Next, recall that to study the welfare properties of an equilibrium, we evaluate (2.4) at an equilibrium. Let
8t = 1/Ah M = (1,\}) is the S—vector of normalized state prices of h at an equilibrium.? Individual
first order optimality conditions imply no-arbitrage: (A" — A') V7 = 0 for all h,j. Following Stiglitz
(1982), one can test for the CPO of an equilibrium allocation by checking if it satisfies the (H — 1)J

equations:!?

(2.5) > (MN'DF) DePL =0
h
This last condition says that a CPO-equilibrium is one such that there do not exist, feasible, portfolios
redistributions that can induce indirect welfare effects; with “indirect effects” meaning effects propagating
through changes in relative spot prices (i.e. “pecuniary externalities”).
Finally, it is useful to recall the exact form of DyP;. First of all, Dy Py is well defined if DpZ7 (p, m)
is invertible,

DyPy = —(DpZ1) ' DyZy

This, in our context, says that DyP; = 0 if, at least locally, agents have the same “propensities to

consume” 1 gk = D, 70

DyZy = (..,DgnZy,..) € RSL-DXJEH-D)
J
DgpZy = (Dpn@" — Dypn@') V7
J

Next, recall that the Slutzky matrix is the inverse of the Jacobian of the individual demand system. Since
here we are concerned with a spot-market individual demand, let us consider the individual demand of

consumer h in date 1, at prices and income (p1,m”), % (p1, m"). Then,

-1
—p1 0 —kb —ak

where S? is the matrix of substitution effects. Simple computations yield,

st = (D2U2) " [D2UL - pl (py(D2UL)"'p}) pa] (D2UF)

1 _ _
(2.7) k1= (D?U7) Py (po(D*U7)7'1h)
where Ul is evaluated at % = 7% (p1, m").

Rapping up, DygZ; is a function of the date-1 spot-equilibrium allocation z; and of the financial

matrix V. This leads to the following important remark.

9Consider the representation of a Planner problem in which 6" is the Lagrange multipliers associated to the constraint,
vf (P,m) > Ei”, and take i;” to be the utility level achieved at date 1, in a competitive equilibrium. Then, letting 8" = 1/)\6”
is equivalent to say that there exist welfare weights such that the original equilibrium satisfies CPO necessary conditions;
this is in the spirit of the I welfare theorem. If, instead, we fix welfare weights, and we ask if an allocation that satisfies
necessary conditions for CPO can be achieved at equilibrium, then we need to introduce date-0 transfers. The latter is the
perspective of the II welfare theorem.

Opypy = (..., DgnP1,..) € RS(L=1)x(H=1)J has typical column vector DynPr = (8P12/80§-’, ...,8P5L/89§”)’.
J j

HThis case requires utilities to behave, at least locally, as ones having a Gorman form.
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Remark 1. For any fized consumption allocation, portfolio allocation, financial and real payoff matrices,

(z,0,V,R), condition (2.5) is a linear function of date-1 initial endowments ey :

(2.8) > A @M O — €} — RO")DpPy(21,V) =0
is linear in eq.

3. MAIN RESULT

In this section we argue that CPO equilibria are “exceptional” in the sense that we make precise as

follows.
Theorem 1. CPO - equilibria are contained in a lower dimensional submanifold of the equilibrium set.

Our proof of theorem 1 uses a few interesting preliminary results, and is deferred to section 5. Precisely,
to prove this theorem, we first derive a global parametrization of the equilibrium set. This parametrization
is intuitive and allows as to characterize the equilibrium set as a fiber bundle. In the process, we show
that this characterization shares most of the properties presented for Arrow-Debreu (GE) equilibria in
Balasko (1988):

every fiber is contained in the equilibrium set;

e cvery fiber is a linear submanifold of the equilibrium set;

e cvery fiber contains only one (and is therefore identified by a) no-trade equilibrium;
o cvery equilibrium belongs to one fiber only.

o the set of equilibria is obtained by taking the disjoint union of its fibers

Moreover, if asset markets are complete the equilibrium set is equivalent to the set of equilibria of
economies with contingent markets, reproducing Balasko’s characterization of GE as a special case.

Then, we prove our main result by showing that,

e cach fibber contains a linear submanifold of CPO-equilibria with the property that all these equi-
libria have the same allocation but different levels of trade. This linear submanifold is a sub-fiber
of the equilibrium set.

o the set of CPO-equilibria is a submanifold of the equilibrium set, obtained by taking the disjoint

union of its sub-fibers.

The basic idea behind our characterization is as follows. In GE economies, no-trade equilibria are
Pareto optima (PO), i.e. the I Welfare Theorem applies. Therefore, as first noticed by Lange (1942), no-
trade GE can be simply recovered using the solutions of a PO problem; the parametrization of the set of
PO is indeed a global parametrization of the set of no-trade GE. In extending this logic to economies with
incomplete markets, we run into two obstacles. First, no-trade GEI are, typically, not PO. Second, CPO
equilibria, generically, entail some trade across agents (i.e. they do not belong to the no-trade equilibrium
set). We outrode the first obstacle by showing that no-trade equilibria can actually be represented as
solutions of the following “modified” planner’s problem: let utilities be state-separable (see assumption

4 below) and z solve,

MaszZXhUh s.t. Yol <w
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at “welfare weights” x = (1,.,x?,..) € RS+ Differently from Pareto optima, in this problem welfare
weights are state-contingent. Moreover, we show that in GEI with (S — J) degrees of market incomplete-
ness, x lives in a (H — 1) + (H — 1)(S — J)- dimensional set. If markets are complete, and J = S, this
parametrization is the one used for no-trade GE. However as J decreases, falling below .S, the dimension-
ality of the parameter space increases. In the limit -when J = 0- the dimension of the parametrization is
the one corresponding to the equilibrium set of a (S + 1)— spot-market economy, in which each spot is
indeed an isolated Arrow-Debreu economy.

Equipped with this parametrization of no-trade, the global structure of the equilibrium set is easily
derived. For every no-trade equilibrium, (p, £, T, R), one can identify the set of 1-equilibria (p, L, e, R)
with active trade z =T —e. This boils down to considering the set of economies parameterized by initial
endowments e such that (Z) is budget-feasible and satisfies markets clearing at (p, £, e, R). This subset
of Q(w) has dimension n + SJL, where n = (H — 1)(m — (S — J + 1)). Therefore, for fixed aggregate
resources, one finds that the ¥-equilibrium manifold is described by taking the disjoint union of its fibers,

where each fiber is identified by a no-trade v-equilibrium:*2

£ 2Ty xR, =2 Qw) x RSE

Next, we still have to overcome the second obstacle. Even though we have been able to parameterize
no-trade equilibria, we still have to show that this is what we effectively need to parameterize the set
of CPO-equilibria. Recall that, unlike for Pareto optima, this is not obvious because CPO-equilibria
do typically entail some trade. Yet, this trading activity are easier to represent if C'PO-equilibria are
analyzed fiber-by-fiber. Restrict attention to the generic set of economies, (2* x R*, such that - equilibria
are characterized by a financial matrices, V', of full rank. An equilibrium fiber is identified by a no-trade
allocation x. Along this fiber equilibria share the same allocation, x, and the same triplet of prices,
real payoff matrix, financial matrix, (p, R, V'), but different trades, (zo, 21,6). A necessary condition for
an equilibrium (p, e, R) with allocation (z,6), to be CPO is that portfolio transfers  satisfy conditions
(2.5):

> N @M Oy - e} — ROM)DyPy =0
h

This is convenient since now the last expression is linear in date-1 endowments (see remark 1 above).
Therefore, along each fiber CPO-restrictions impose ¢ < (H —1)J < n independent linear constraints
on the endowments, on top of the equilibrium ones mentioned above.!?

Interestingly, what distinguishes equilibria from CPO-equilibria -along each equilibrium fiber- are
not their allocations but their transfers. This suggests that the notion of constrained Pareto optimality is
one about the efficiency of the system of competitive trades, rather than of allocations. Put it differently,

it is akin to evaluate how well competitive markets allocate resources relative to an initial distribution.

12 denotes equivalence up to a homeomorphism.
13We shall argue that c¢ > 0, by noticing that ¢ = 0 occurs only for a null subset of economies parameterized by

endowments and utilities.
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4. THE STRUCTURE OF EQUILIBRIA

We, first, proceed by studying the global structure of a-equilibria. The results obtained, and in
particular the parametrization of a-equilibria, are then used to pin down the fiber bundle structure of
the set of pseudo-equilibria. Since these bundles have G’/ as a base space, we begin by stating some well

known properties of Grassmanians.

4.1. Grassmanians. G’ is the smooth compact manifold of .J-planes in R. Let Y denote the manifold
of (§—J) x J matrices of rank S—.J. Any Y in Y induces some element £ of G*%: £ = {y € RY : Yy = 0}.
Define the equivalence relation ~ on Y as, Y ~ Y if and only if there exists a non-singular, square, matrix
B such that Y’ = BY. We identify G’ with the quotient space Y/ ~.

To make explicit the differentiable structure of G’ we now describe its atlas.'* Let ¢ be a permutation
of {1,..,S}, X the set of all such permutations, and 7, the S x S permutation matrix associated to o.
For every £ in G’/ there exists a ¢ € ¥, and a unique local coordinate system A € RS=7/*7 of L:
A = ,(L) where 1, is a homeomorphism of W, = {£ € G5 : 3 A € RE=D*T st (Ig_; | A)m, € L}
onto RS9 {W_ 1, }sex is a smooth atlas for G¥. Moreover, the union of W, over ¥ defines an
open cover of G%, implying that G’ is a compact smooth manifold.
Over the same base space G’ we define two vector bundles:'> the canonical vector bundle v =
{E,y €eGIS xR y€ £}, and its orthogonal complement v = {E,y € G/S xRY : yLE}. G5 splits
as a Whitney sum of v,vt: v@ vt = R5.16 That is, R is (locally) equivalent to a vector space spanned
by (y,y') where, for all £ € G”%, (L£,y) € v and (L,y) € v*.

4.2. Parametrization. Our choice of parametrization for the equilibria is better understood by recalling
a classical result in GE (see Lange 1942).
Let welfare weights & = (6%, ..,6) be in the interior of the (H — 1)-simplex, Af;l. x>0 isa GE

allocation if and only if it maximizes

(4.1) 2o ul (z") s.t. Yo < w

Using strict concavity and monotonicity of utilities, the latter holds if and only if x solves the system
of first order conditions, ¥z" = w and §"Du" — p = 0, for some p € R, . This implies that

r= (2!, 2" ) € Qw) solves

Vi - viz!) = 0, Vh>2

where V/ = Doiuh Du”. The first line is a well known optimality condition: at a Pareto optimal allocation

agents have identical marginal rates of substitution. For expositional reasons, we write this condition as

w0 V=V o\ L
(42) /,I, (m) = ....,vil7.... —0, V(h7l) 2 (271)7
s,l

14gee Fact 3 in Duffie and Shafer (1985), and Hirsch (1976) for definitions and references.
157 fiber bundle with vector space structure on fibers is a vector bundle. See chapter 4 in Hirsch (1976) for a detailed
exposition on vector bundles on G5

164y denotes the Whitney sum. This operates as a direct sum across the elements of the fibers of a vector bundle.
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where p” is a vector valued function whose values are in RS.

To check that the solution z > 0 of the Pareto problem (4.1) is indeed an equilibrium, it basically
amounts to verify that each of its components, x", satisfies consumer h problem at (i p,x"). Clearly,
since we are endowing consumers with demand allocations, a no-trade equilibrium arises. The converse
is also immediate, and provides a calculus argument to establish the I Welfare Theorem. Therefore, it is
easily understood that the no-trade equilibrium manifold of an Arrow-Debreu economy is equivalent to
Af;l, independently on the number of commodities and states.

Since GE, contingent markets, economies are substantially equivalent to complete markets GEI, we
claim that the latter parametrization applies to these economies too. Moreover, interpreting p as a
measure of individuals disagreement on state-prices, we verify that -at a Pareto optimal allocation- this
is zero, i.e. agents share the same evaluations of future contingent income profiles.

Next, consider the opposite extreme case of a GEI economy in which financial markets are totally
incomplete. This economy is equivalent to the (S+1)-copy of a standard GE economy with L commodities.
Thus, indexing welfare weights with respect to the states, we conjecture that the manifold of no-trade
equilibria of a GEI economy with no asset markets is equivalent to X g1 Af;l.

The remaining question is how to parameterize equilibria for “non-trivial” GEI economies, in which
markets are partially incomplete. The following assumption simplifies the characterization of (no-trade)

equilibria, and it is necessary to extend Lange’s.
Assumption 4. (State-separable utilities): Vh, u(z") = > UM (zh).

We conjecture that « > 0 is a a-equilibrium allocation if and only if it maximizes

(4.3) ZZX}LU’L s.t. Yol < w

at “welfare weights” x = (XO»--;XS; ),
xo = (..., 6", ..) € Af+1, Xs = (e 67/ (1 4 ), .0), Vs > 1
=0, p=(hs1, (Lop) €My ={L,p:p" € L5, pl # 1, Y(h,s) > (1,0)}.
To get an intuition of why our conjecture is true, we can proceed as for GE economies. To verify that

b satisfies

a solution x> 0 of (4.3) is an a-equilibrium, we have to check that each of its components x
consumer h problem at (p%p, L,z"). Indeed, let = be an interior optimum at (p, £, €), then there exist

multipliers, (\*,v") € Ry, x R¥~7, such that,

Vi(z') = (po,p1)
V(") = (po,p1) + [0 ,Lh(f | Yo (L))moUpy], VR > 2, 0 st. LW,

zf (I | Yo (L))7s, the equivalent of (4.2) is

Vh _vl
ph(z) = (lvll> e Lt Y(h1) > (2,1)
s,l

Thus, expanding our parametrization to p allows to describe a much reacher set of equilibria than the

Letting pu" =

one containing just Pareto optima. Let us denote by M ; the parameter space of typical element (L, p)

defined for an economy with a J-dimensional asset span. M ; summarizes all the “relevant” information
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concerning asset markets, encompassing “trivial” GEI too. In fact, if markets are complete (S = J), then
L1t = {0} implying p = 0; therefore y =0, and dimMg = 0: consumers’ normalized gradients are all
equal to p. At the other extreme, if there are no assets (J = 0), £+ =RS, dimMy = (H—1)S+J(S—J).
Thus, if (H — 1) > S, consumers’ state prices may span R® (i.e. there may be “maximal disagreement”
among consumers).

The next lemma establishes the global structure of M; as a vector bundle over G’/%; where M; is

regarded as the total topological space, G’ as the base space, and a as the projective map.

Lemma 1. M is a vector bundle over G'5, My = (H — 1)v*.17 Its projective map, oy, identifies a
unique L for each (L, p) in M.

Proof: see the Appendiz.

Since My has a vector space structure on its fibers, locally (on its base space) it is also a manifold of
dimension (H — 1)(S — J).

4.3. The structure of no-trade a-equilibria. To derive the structure of the equilibrium set we will
appeal to Lemma 3.2.1 in Balasko (1988), limiting our proofs to the definition of the required diffeomor-
phisms:

Lemma 2. (Lemma 3.2.1 in Balasko (1988)) Let 7 : X — Y, and ¢ : Y — X, be two smooth mappings
between smooth manifolds such that the composition T o ¢ :' Y — Y is the identity mapping. Then, the
set Z = ¢(Y) is a smooth submanifold of X diffeomorphic to'Y.

The definition of a parametrization, Y, is an essential step in the derivation of our next results.

Proposition 1. 77, is a manifold diffeomorphic to Af;l x M. Moreover, as a fiber bundle over G7%,
79 = ef-lg(H-1)vt. 18

Proof: see the Appendiz.

To apply lemma 2, we let Y = Af;l x My, and X = £%. For the time being, we will assume that £
is a smooth manifold;'? this is established in proposition 2 below. Moreover, we let 77" : Px G/5 x Q —

Af_,:l X MJ,
a Dorut(x!
TT (p,ﬁ,@) = ((W) 7£7Nh(x)h22>
h>2

where, if 777 is restricted to £, (2!, (z")n>2) = (g'(p,e1), (f*(p, L,e"))n>2) are equilibrium alloca-
tions.
Next, we let ¢p7 " : Af;l x M; — P x G5 x Q, be such that

o7 (6,L,p) = (Vul(z'), a5 (L, 1), x) = (p, Lye),

17~ denotes an homeomorphism relationship.

185% denotes the trivial vector bundle (B x R™, B, o) with base space B; a fiber bundle that has a global (instead of a
local) vector space structure. We drop the scripts n, B, from &, when they clearly emerge from the context.

19T his is well known, and is established in Fact 9 of Duffie and Shafer (1985).
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where we take  to be the maximizer of problem (4.3), with “welfare weights” y defined accordingly.

Remark 2. (The structure of T;*) When J € {0, S} the set of no-trade a-equilibria has a (globally) trivial
(vector space) structure. Using T to denote the no-trade complete markets version of T7*, it is easy to
see that, T§" = Af;l.zo This is the case in which p = 0, and consumer gradients are collinear. On the
other extreme, when asset markets are totally incomplete, we have 15 = XSAfil. In all intermediate

cases, 0 < J < S, Ty =2 T8 @ (H — Dvt; namely T} retains a vector space structure only locally on
G75.

4.4. The structure of a-equilibria with active trade. Next, consider the set £ of abstract-
equilibria in which consumers trade an initial set of resources (or endowments). The new parameter

space will then be enlarged by the dimensionality of the space of relevant spot trade opportunities,
n=(H-1)(m—-(S—J+1)).

Proposition 2. £ is a smooth manifold diffeomorphic to Q(w) x RE=NJ . Moreover, as a fiber bundle
over G, £5 =2 cH-1Hn gy (F — 1)+,

Proof: see the Appendiz.

In order to apply Lemma 2, let X = Af_:l XMy xR}, and Y =P x G7% x Q. Moreover, define
7 P x G x Q — RY T x My x R%,, such that

7_5"‘ (p7 ‘Ca 6) = (TTrl (p7 £7 €>,pTOjR1+ Q)

Next, let ¢ : ATT1 x My x Q — P x G5 x Q, be such that

¢ga (6, L, p,e) = (vul (x(0,L, p))s ey (L, ), 6)7

and Q be a section of Q) (w), defined as follows. Observe that (p,£) in the image of #f" support a
no-trade equilibrium. To achieve an equilibrium with active trade it suffices to restrict endowments to
satisfy individual budget balance and overall feasibility. This implies that we should restrict e to satisfy:

p(zh —eh) =0 all h > 2
(4.4) (Is—j | Yo (L))o (prO(zh —eNT =0 allh>2, 0 st. LEW,
e €N(w)

evaluated at x = z(9, £, u). This can be done, for example, by constraining the following d = (H — 1) +
(H—1)(S — J) + (S + 1)L endowments, (ef4)n>1, ()55 )ns2, (el)(s,)>(0,1), to satisfy (4.4). Then,

Qc R, with n=Hm —d= (H —1)(m—(S—J+1)) is the section of Q(w) containing all but the
constrained endowments.

205ce Balasko (1988), section 3.3 for details on the structure of no-trade a-equilibria when markets are complete.
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4.5. Economies with real assets and pseudo-equilibria. Observe, first, that an a-equilibrium
(p,L,e) of an abstract economy (L, e) is indeed a -equilibrium of each of those real assets economies
(R,e) such that R induces a financial market structure V(p1, R) whose column span is contained in
L. That is, loosely speaking, for every (p, £,e) there are multiple real assets economies whose financial
market possibilities, at pq, are feasible in an abstract-economy (L, e). It helps to formalize this concept
by defining a set of financial market possibilities with real assets. When, restricted to P x G5 x R/
this set is
My={p,L,R:(I|Ys(L)7sV (p1R)=0,0 € ¥ st.LW,}.

The set of i-equilibria can now be redefined accordingly,
Er={p,L,e,R:(p,L,e) €EF, (p,L,R) € M)}.

Lemma 3. M is a manifold diffeomorphic to P x RS/L. Moreover as a fiber bundle over G5, M ; =
eNL=14+8J(L-1) g Jy,.

Proof: see the Appendiz.

Proposition 3. &; is a smooth manifold diffeomorphic to Q(w) x R/, Moreover, as a fiber bundle
over G5, &; =EF DM,

Proof: see the Appendiz.
In order to apply lemma 2, first, let V denote a Sx J-matrix and Ny = {£,u, V : p" € L+, <V >C L},

where < V > denotes the space spanned by the columns of V. Along exactly the same lines of lemma
1, we can show that N is a vector bundle over G5, N; = (H — l)vl & Ju, and a smooth manifold
diffeomorphic to G5 x RE-D(S=N+I* o REH-1(S=I)+SJ,

Next, let X = P x Ny x Q@ x RS7C=D and Y = P x G/ x Qw) x RS7L. Define the map
¢f i PxNyx QxRSIED Py GIS x Q(w) x RS7E such that ¢€ (p, (£, 1, V), e, r(=1)) = (p, L, e, R),
with (p,L,e) € Im(¢°" (p,L,p,€)), and R that satisfies the following restriction: its components
referring to commodity [ = 1 satisfy V(p1, R) = V, all its remaining components are equal to the
corresponding entries of r(—1).2! Finally, let 7€ : P x G75 x Q(w) x RS/ — P x N x ) x RS/(E=1)
be such that 7¢(p, L, e, R) = (p, L, 1, €) where (p,L,p,€) =75"(p,L,e), V =V(p1,R).

Then, denote by E; the Arrow-Debreu equilibrium manifold in the state s economy, and by FE the GE
manifold of an economy with a complete set of contingent markets. We can state the following corollary

without proof.

Corollary 1. £; has a (globally) trivial (vector space) structure if and only if J € {0,S}.

1) the set of equilibria is the Cartesian product of the set of the S+1 spot-market equilibria, &y = x5_, E
iff markets are “totally” incomplete, J = 0.

2) The set of equilibria is equivalent to the set of Arrow-Debreu equilibria, Es = E, iff markets are
complete, J = S.

If 0<.J <8, &y retains a trivial structure only locally, on G5,

2lp = (r(1),7(=1)) € RSLY represent the whole vector of real payoffs in R, where r(1) = (ri1, - rdy) € RST refers to
the commodity | = 1 and r(—1) € RS/(E=1) toall I > 1.
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Finally, appealing to remark 2, a second corollary applies.

Corollary 2. The set of no-trade v-equilibria is a smooth manifold diffeomorphic to R =1(S=J+1)+SJL

G*7. Moreover, as a fiber bundle over G5 it is homeomorphic to T8 & M.

Remark 3. (Equilibria) Theorem 2 in Duffie and Shafer (1985) establishes that there is an open set of

RS with null complement such that an equilibrium with real asset exists for

economies (0¥ x R* C ) x
every (e, R) € Q* x R*. The proof of this theorem relies on the fact that for a generic set of economies,
W-equilibria are characterized by a financial matriz V' of full column rank J. Indeed, this implies that for
every -equilibrium (p, L, e, R) and associated matriz V (p1, R) of full rank, there exists a pair (6,q) such
that (p,q,e, R) is an equilibrium with portfolios 6 (see their Proposition 1,2). See also Zhou (1997b), who

derives this result comparing the size of the two sets of equilibria.

Remark 4. (Symmetric equilibria) In this section we have considered an economy in which the first
consumer is financially unconstrained. This goes with the name of “Cass trick” and has been used
repeatedly in the GEI literature. It simplifies and is without loss of generality, since for most of the
analysis it suffices to know that the equilibrium manifolds of the economies with symmetric agents and
with a financially unconstrained one are equivalent, at least up to a diffeomorphism. For the case of real
assets we refer to Magill-Shafer (1991), p.1534.

4.6. The fiber bundle structure of y-equilibria. We are now going to define the fiber bundle struc-

ture of £;. This will then be used to study the welfare properties of equilibria in the next section.

Definition 6. A fiber associated to & = (6, (L, 1, V), R(-1)) € E = A" x N; x RS/E=D s g set,
Fe, of typical element (p, L, e, R) € P x G' x Qw) x R¥L: F, is the inverse image of {&} x 0 by

€.

Definition 6 is better understood by looking back at the above results. In particular, proposition 3
and corollary 2 imply that £; is homeomorphic to &" @ 7 @ M ;. This, loosely speaking, says that we
can fix no-trade y-equilibrium, and generate an n -dimensional set of equilibria with active trade, in £;.
Precisely, recall that 7€ : £; — Z x (AZ, associates to every equilibrium (p, £,e, R) a unique &, where

Q) C R™. Moreover, since each £ identifies a no-trade,

(4.5) Fe=(r)"1({€} x Q)

Notice that a fiber associated to £ contains those equilibria in £; which: i) are compatible with a
fixed pair (p, L), a fixed equilibrium allocation (the corresponding no-trade equilibrium allocation), and
a fixed real and financial assets structure (R, V); ii) have different level of endowments € in €, and thus
of trades z.

Our fibers have a few interesting properties, which are analogous to those established for Arrow-Debreu
equilibria in Balasko (1988).

o FEvery fiber is a subset of ;.
In fact, by definition, (7¢)~1(¢) = (p, L, e, R) is an element of £;.

e FEvery fiber is a linear submanifold of €5, of dimension n.
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This also follows by definition (equation (4.5)).

e FEvery fiber contains only one no-trade v -equilibrium.

H—1)(S—J+1)+SJL o GS:J (

This follows from the structure of no-trade, which are diffeomorphic to R( see

corollary 2).
o FEvery v-equilibrium belongs to one fiber only.

This follows from definition 6: each fiber is identified by a unique no trade equilibrium. This does also

explain the following,

o Fibers can be “glued” together by letting & vary on =: &£j = U]—}.QQ

5. WELFARE PROPERTIES OF EQUILIBRIA

Let £7 denote the i-equilibrium manifold restricted to Q* x R*. By defying the diffeomorphism 7€
accordingly, we obtain a fiber-bundle structure of equilibria that shares the same properties of the one
described in the last subsection. Moreover, by remark 3, now each equilibrium fiber contains ¥-equilibria
with a full rank financial matrix V' and well defined portfolio transfers 6.

We now characterize CPO-equilibria fiber-by-fiber. Let £ identify a fiber of £5. Along this fiber
equilibria share the same allocation (the no-trade allocation identified by ), the same prices, the same
real payoff matrix and financial matrix, (z,p, R, V) respectively. Since V is of full rank, each equilibrium
with date-1 spot trade (..,2%,..) = (...,2% — €%, ...) has portfolios § = (..,0",..) such that 0" satisfies
p10z = V" for all h > 2 and 6' = ¥;,-16". A necessary condition for a t-equilibrium (p, £, e, R) with
allocation (z,6), on a fiber &, to be CPO is that portfolio transfers 6 satisfy conditions (2.5), or (2.8).
These conditions can be rewritten as:

(5.1) > M (@)0(f — e — RO")DpPy(21,V) =0
h

where Py (-) is the equilibrium spot-prices function. As noted earlier in remark 1, from a simple inspec-
tion of (5.1) one sees that this is linear in e;. Therefore, along a fiber, we identify CPO-equilibria by
superimposing the condition that e; satisfies (5.1), evaluated at the equilibrium variables.?? This implies

the following.
e Fach fiber contains a linear submanifold of CPO-equilibria with the property that all these equi-

libria have the same allocation but different levels of trade. This linear submanifold is a sub-fiber
of the equilibrium set, F¢ ., where e € R®, 0 <c < (H —1)J.

e Clearly, F¢. is a (lower dimensional) submanifold of F¢, of codimension c.**

Finally, we can use the fact that each CPO- equilibrium belongs to one fiber, and conclude that

o there exists a set of CPO-equilibria that is identified by taking the disjoint union of sub-fibers,
EFFO C UeFee.

22y denotes the disjoint union of sets.

23Since the planner’s problem needs not be convex, fibers may identify equilibria which fail to satisfy second order
conditions for CPO.

247, compute its actual dimension, suppose that ¢ = (H — 1)J, i.e. CPO-conditions (5.1) are independent equations,
then dimF¢ . =n—(H—-1)J=(H-1)((S+1)L—-(S—J+1))— (H —1)J, which is equal (H —1)(S+ 1)(L —1).
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These last three items rely on the fact that ¢ > 0; i.e. the conditions in (5.1) are not trivially satisfied at
equilibrium. There are a few well known sufficient conditions that can be invoked to show that (5.1) holds
at an equilibrium (see Stiglitz (1982) or Geanakoplos and Polemarchakis (1986)): (i) identical, individual,
state-prices (u" = 0, for all h); (ii) no trade; (i) asset redistribution have no price effects (DpPy = 0).
These conditions are non-generic in the sense that they hold only for a null subset of economies. More
precisely, (i) does not typically hold in an equilibrium of a GEI economy; while properties (i¢) and (ii7) are
non-generic for competitive economies regardless their markets are complete or incomplete. For the first,
observe that the set of equilibria satisfying (i) is Pareto optimal, and thus it is diffeomorphic to the set of
no-trade GE, 7g. Based on what argued in remark 2 for a-equilibria, we know that 7g is a submanifold
of 7T; with positive codimension. Thus, by Sard’s theorem,?® there exists a generic set of economies
for which equilibria do not satisfy (7). An analogous dimensionality argument can be used for (i7): we
showed that 7 is a submanifold of £; (see corollary 2). As for (iii), this holds if agents have identical
marginal propensities to consume (see the discussion in section 2.2). Inspection of equation (2.7), defining
the marginal propensity to consume, hints that one can use local perturbations of the Hessian of utilities
to locally control the propensities to consume. These perturbations can be designed such as to change
the Hessian of a consumer without affecting his utility gradient, and thus his consumption choices. This
argument has been extensively used in the GEI literature to show that there exist an open and dense set
of utility functions such that the economies parameterized by these utilities generate equilibria in which
(4ii) does not hold.?%

We summarize our discussion in the following.

Remark 5. There is an open and dense set of economies Q* x R* x U* C Q x RS x U such that for

every one of such economies equilibria imply that ¢ > 0.
We can now exploit the above results to prove our main result.

Proof of Theorem 1: We just need to use the fact that the set of CPO-equilibria, 591307 s contained
in a submanifold of the equilibrium set, UgFe .. |

Finally, the fiber bundle structure of €5 can be used to establish the, generic, constrained inefficiency
of equilibria. This comes again as a straightforward application of Sard’s theorem, implying that the set

of economies with CPO-equilibria is null.

Appendix

Proof of Lemma 1: We limit our proof to the construction of a local isomorphism. Fix L € W,
with A = ¥,(L) identifying the local coordinate system of L. Define, hy(T') = T'(Is_; | ¥o(L))7y,
where T € RE-VXS=T) gnd T(L) have elements different from —1. p € Imhy(T) and (L, p)
is an element of My. h, s injective: T(Ig—y | A)my = IV(Is—y | A)ms implies T = T'. h, is

surjective: every u € Imhy(T) is, by definition, made of (H — 1)-vectors in L ; hence there exists a non

25Gee, for example, Guillemin and Pollack (1974), p. 205.
26366 the seminal paper by Geanakoplos and Polemarchakis (1986), and particularly their proof of proposition 5; or
Magill and Shafer (1991) p.1600.



18 MARIO TIRELLI

trivial T € RE=1XS=T sych that y = T'(Is_; | A)m,; using a conformable partition, u = (us—y | ps),
I'=ps—y. n

Observe that x € (g1 (p,el), .., f*(p, L, e"),..) if and only if there exist Lagrange multipliers, (\",v") €
R, x RS=/\{0}, such that,

(Dou' (2'), Dyu' (")) = A (po, 1)
(2) p(xr—el)=0

(DOuh(‘r)leuh(x)) = >‘h (pOapl) + (Oafyh(I ‘ d)U(‘C))ﬂ—UDpl)av}l Z 2
(.3) p(z —e") =0,Yh > 2

(I| Yo (L))moprO(z1 — €}) =0,Yh > 2

where o is taken s.t. L€ W,.

Proof of Proposition 1: Let us start with 7. When 77" is restricted to &Y, x are equilibrium allo-
cations, and 6" = Doyjut(z)/Do1u”(x) € Ry, for all h > 2. To show that (L,u) € My, observe that
2" € fM(p, L, e), by individual first order conditions, implies that there evists a \* € Ry, v" € RS~/
(possibly zero), such that Viu"(z) = (15+1—Z(IS_J | Yo (£))Te0py. By definition of 77", p" = K—Z(IS_J |
Vo (L))o for all h > 2, implying (L, (..,u",..)) € (H — 1)vt. Finally, assuming that £ is a smooth

manifold and, exploiting the differentiable structure of My, we conclude that 77" has smooth coordinates,

i.e. it is smooth.

Next, consider ¢. To show that ¢T° is well defined, and smooth, it suffices to prove that the set
of solutions to (4.83), is -respectively- nonempty and its elements, x(5,L, ), are smooth functions on
Af;l x My. Nonemptiness follows from the fact that (4.3) is the mazimization of a continuous function
on a compact set. Because utilities are strictly concave, for every system of welfare weights x defined
by some (6,L, ) € Af;l x My, this maximization has a unique solution. We establish that x(0, L, 1)
is smooth in lemma 4, below.

We then argue that the image of ¢7° is T7 using the results of the next two items.

: Im¢?" C 7. Consider the first order (necessary and sufficient) conditions of (4.3): for all
h>2
" Doul (:z:h) = Dou? (zl) =Dy
(4) Dyl (z1) =7
6" Dyu” (a) = pa(p",py) = (1 + pl)py) s>
where p € R, is the vector of Lagrange multipliers of the resource constraints; and markets
clear, z(8,L, 1) € Q(w). Notice that p = Vul(z*(5,L,p)) = iﬁ €P, and e = x(5,L, ). We
are left to check that, at (p,L,e) = (Vul(azl),aJ(E,u),:c), agents optimize; i.e. individual first
order conditions in (.2), (.3) hold, respectively, for h =1 and all h > 2. With some re-writing,
the latter are,
%Douh (»Th) = %Doul (xl) = Po
(.5) +D1ut (z) = py
e Daul (%) = (Ls + 32 (1 | o (£))moCpa
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where (\")™! = 6" for allh > 2, and ' = Doju* (x*(5, L, ). Letting Fh = 1—: forallh > 2, we
make use of the mapping h, (defined in the proof of lemma 1), granting that (3, L) = h; (L, 1)
is uniquely defined at (L, ).

: Im¢?" D T . Let us show that ¢T orT" = idre when 7T% is restricted to T7. If (p,L,e) € £,
and the equilibrium allocation is x = e, then individual first order conditions, (.5), hold at e, and
so do (4) at (0,L,p) = 7(p,L,e); because >, e" = w, e is a solution to (4.3) at (6,L,p) =
7(p, L, e).

By lemma 2, ¢7° defines the desired diffeomorphism, and when 77" is restricted to 77, T% 097" =

tdgr—1
++ J
Finally, the fiber bundle structure of T;* follows immediately from the structure of M. |

Lemma 4. (5, L, p) is a smooth function on My x AY

Proof :  The proof applies the implicit function theorem, and mimics the one used to show that the
interior maximum of a Pareto problem is a smooth function of the parameters. The only, minor, difference
here is that problem (4.3) has welfare weights which are state-contingent. Indeed, in analogy with a
Pareto mazimum problem, every solution of (4.3) is interior. Then, first order (necessary and sufficient)
conditions of (4.3) are,

1 x'DyUr(2h) — DUl (zY) =0,h >2,5>0,1>1

2 Yl -w=0,s>0,1>1,

We denote this system as F(x;x,w) = 0, and K the set of solutions of (4.3). Since K = ImF~1(0), 0 is
a regular value of F if its Jacobian, D, F, is of full rank. Since u" are C"2%, F and x(8, L, ) are C™21,

by the Implicit Function Theorem. Computing D, F:

-D2Ut . 0
hnN277h
Xs Ds Us
(-6)
-D*Ut 0
I, I Im L,

Since column operations do not affect the rank of (.6), subtract the first column block from the ht", for
h=2,..,H; then, move the resulting H*" row block (a block-row vector of typical element I,,, in the first

H blocks) to the top row block. The following matriz representation is obtained,

(")
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G2 D2U1 . D2U1
D2U!
0O =
: D2U?
D2U1 D2U1 GH
XiDIUY + DU} 0
G =
0 xsD3Us + D3Us

and G" € REXE. We are going to show that O is of full rank, because otherwise negative definiteness of
D2ul (in assumption 2) would be contradicted. For r' € RE=V™ w10 has typical (L-vector) element,
P s, hDZUh (Zth2 T;,h) D2UL. Post multiplying the latter by T;Z, and summing over h > 2, yields

(.8) ZXs ( rl, (D2U) ) (Z rl h) DU} (Z rl h)

By assumption 2), the two terms in the latter expression are negative, and so is their sum. Hence, (.8)

is equal to zero if and only if r;’h =0, for all s and all h > 2. |

Proof of Proposition 2: Recall that, by definition, ¢ (6, L, p,€) = (Vul(xl),aJ(Lu),e) = (p,L,e)
with e satisfying the restrictions in (4.4) at (p,L,€), and 7" (p,L,e) = (77" (p, L,€),projrn, ).

Clearly, ¢¢° and 7" have smooth coordinates and are deﬁned between smooth manifolds. Moreover,

by straightforward computations, they satisfy 7€ o ¢ = AH Lo, <@ 10 apply lemma 2, we need to
show that Im¢t" = = £9. The endowments restrictions in (4. 4) zmply Imgt" C &G while Imgt™ D &Y
follows from observing that ¢f° o 7€ = idga. Therefore, £ = ¢5a(Af+1 x My x (AZ), is a smooth
submanifold of P x G’ x Q diffeomorphic to Af_:l x M x Q through ¢ . |

Proof of Lemma 327  We proceed by showing that M and eNF=14S7(E=1) @ Ju are homeomorphic.
Then, since the latter is a vector bundle, it has a vector space structure on fibers (over G*%); therefore
for M to be a manifold of dimension (NL —1) + SJL = (NL—1)+(S—J)J+ J?>+SJ(L —1), we

need to show that such an homeomorphism is in fact a diffeomorphism (i.e. it is smooth and has a smooth
RSLJ

inverse). To define the desired homeomorphism, letr = (r (1),r(=1)) € represent the whole vector
of real payoffs in R, where r (1) = (r}y,...,rd,) € RS/ refers to commodity | = 1 and r (—1) € RS/(L=1)
to all 1 > 1. Define ™™ (p,L,R) = (p,ﬁ, (Vl,..,V‘]) ,7‘(71)) such that VI € L for all j. That is
(ﬁ, (Vl, - V‘])) is an element of the J-copy of the canonical vector bundle v, Ju, whose dimension, over
G5, is J2.

Next, let (E, (Vl,..,VJ)) € Ju, oM (p,E (V1 VJ),T(—l)) = (p,L,R) is defined such that R is
formed by r = (r (1),r (=1)) with ri(1) = RS 1= ps - (VSJ — Zl>1pslr£l( )) for all (s,7) > (1,1).
M ¢M

Thus, ™™ is an homeomorphism between My and eNE=1SIE=1) g Ju with its inverse, T

27T his proof is substantially the same of Theorem 6 in Zhou (1997a).
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Finally, to show that ™™ is also a diffeomorphism it suffices to show that 0 is a regular value of (I |
Yo (L))meV(p1R), or that its Jacobian with respect to R is of full row rank (S —J)J (as in Fact 7, Duffie
and Shafer (1985)). |

Proof of Proposition 3: Recall that the two mappings, ¢ (p,(L,u,V),e,r(=1)) = (p,L,e,R) and
€(p, L,e,R) = (p,L,u,€) are defined between smooth manifolds, and have smooth coordinates. More-

over, by straightforward computations, 7€ o ¢f = idAfJ:lxNJXQX]RSJ@_l). To apply lemma 2, we need to
show that Im(¢%) = E;. The restrictions imposed on the image of ¢¢ imply that Im(¢€) C E;. Indeed
every element (p, L, e, R) in the image of ¢¢ is such that (p,L,e) is an a-equilibrium, and (p, L, R) is
such that < V(p,R) >C L. Neat, Im(¢¥) D E; follows from the observation that ¢f o7¢ = ide. We
conclude that £; = ¢£(P x Ny x Q x RSTE=D) is q smooth submanifold of P x G5 x Q(w) x RS/L
diffeomorphic to P x Nj x Q x RSJ(L-1) through ¢ . |
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Summary of Mathematical Notation
G’ is the Grassmanian manifold of J-planes in RS
v = {L’,y €GPS xRY:ye€ E} is the canonical vector bundle over G/

vt is the orthogonal complement of v

€ 1s the trivial vector bundle

@ is the Whitney sum

= 4s an homeomorphism relation

O tensor product of vectors: for any x € RS, y € RS, a0y = (..., x5 (Ys1s Vst -y YsL) 5 -..) € RSE
U

denotes the disjoint union of sets



